INDUCTIVE LIMITS OF NORMED ALGEBRAS(})

BY
SETH WARNER

For a Hausdorff locally convex space E with topological dual E’, the fol-
lowing properties are equivalent: (B 1) Every bound linear transformation
from E into any locally convex space is continuous; (B 2) No strictly stronger
locally convex topology on E has the same bound sets; (B 3) Every bornivore
set is a neighborhood of zero (a bornivore set is a convex, equilibrated set ab-
sorbing every bound set); (B 4) E is the (linear) inductive limit [7, pp. 61-66]
of normed spaces {E.} with respect to linear maps g.:E,—E such that
U g.(E.) =E; (B 5) The topology of E is 7(E, E’) (the strongest locally con-
vex topology on E yielding E’ as topological dual), and every bound linear
form on E is continuous. (We use the terminology of Bourbaki [7; 8; 10]; for
the proofs see Theorem 8 of [15, p. 527], Proposition 5 of [10, p. 10}, and
Theorem 3 of [11, p. 328].) Such spaces are called bornological; they are the
“boundedly closed, relatively strong” spaces of [15] and the “GF spaces” of
[11]. Our purpose here is to formulate the analogous notion of the algebraic
inductive limit of locally m-convex algebras and to study those locally m-
convex algebras which are algebraic inductive limits of normed algebras.

In §1 we summarize briefly the basic definitions and some of the ele-
mentary results in the theory of locally m-convex algebras. In §2, after defin-
ing the notion of the algebraic inductive limit of locally m-convex algebras in
an obvious way, we consider the following problem. If E is an algebra, {E,}
a family of locally m-convex algebras, g.:E.—E a homomorphism for all «,
there exist on E both the algebraic inductive limit topology with respect to
locally m-convex algebras E, and homomorphisms g., and the linear inductive
limit topology with respect to locally convex spaces E, and linear maps gq;
when do they coincide? This question is important, for the topologies of cer-
tain important locally convex spaces (occurring, for example, in the theory
of distributions and the theory of integration) are defined as linear inductive
limits of locally convex spaces which are also locally m-convex algebras, with
respect to linear maps which are also homomorphisms of the algebras con-
sidered. To establish that such topologies are actually locally m-convex, and
thus fall within the purview of topological algebra, it is desirable to have
general criteria insuring that the two inductive limit topologies coincide.
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In §3 we formulate the algebraic analogues of the linear concepts “bound
set,” “bornivore set,” “r(E, E’),” “bound linear transformation,” and we
prove the equivalence of properties analogous to (B 1)—(B 5). Algebras pos-
sessing these properties, the analogues of bornological spaces, are called
i-bornological algebras. In §4 we discuss the extent to which the property of
being i-bornological is preserved under certain operations of algebra, such
as the formation of quotient algebras, finite Cartesian products, ideals, etc.

In §5 we determine when the algebra of all continuous real-valued func-
tions on a completely regular space, furnished with the compact-open topol-
ogy, is 2-bornological, and also we consider infinite Cartesian products of
i-bornological algebras. A measure-theoretic problem of Ulam arises in this
context, and our discussion includes a brief digression on its role in mathe-
matics. In §6 we first consider a new class of locally m-convex algebras, called
P-algebras, and in terms of these we give necessary and sufficient conditions
for certain metrizable locally m-convex algebras to be i-bornological. In
particular we show that an F-algebra E is the algebraic inductive limit of
Banach algebras {E,} with respect to homomorphisms {g.} such that
E=U, g.(E,) if and only if E satisfies an apparently much weaker condition.
The paper concludes with a list of unresolved questions.

Throughout, the field of complex numbers is denoted by “C,” the field
of reals by “R,” and the scalar field of an algebra by “K”; K is either R or C.

1. Introduction. Let E be an algebra over K. A subset 4 of E is called
idempotent if A2CA. A locally multiplicatively-convex topology (hereafter ab-
breviated to “locally m-convex topology”) 3 on E is a locally convex topology
on vector space E such that zero has a fundamental system of idempotent
neighborhoods [16, Definition 2.1]. Equivalently, 3 is defined by a family of
pseudo-norms {p.} each of which satisfies the multiplicative inequality
Pa(xy) = pa(x)pa(y) for all x, yE E. Multiplication is then clearly continuous
everywhere. E with such a topology is called a locally m-convex algebra. If A is
an idempotent subset of E, so are its convex envelope, its equilibrated en-
velope, its closure, and any homomorphic or inverse homomorphic image;
hence there exists a fundamental system of convex, equilibrated, idem-
potent neighborhoods of zero. (For proofs of these and other elementary
properties of locally m-convex algebras, see §§1-5 of [16] or [2].) Conversely,
using Proposition 5 of [7, p. 7], one may easily show that if U is a filter base
of convex, equilibrated, absorbing, idempotent subsets of E such that VED
and |)\| =1 imply AVEY, then there is a unique locally m-convex topology
on E for which U is a fundamental system of neighborhoods of zero. The inter-
section of a family of convex, idempotent sets is again convex and idem-
potent; hence the topology generated by a family of locally m-convex topolo-
gies on E is again locally m-convex.

For x, yEE we write “x0y” for “x+y—xy.” o is then an associative
composition on E with identity zero. If x has an inverse x’ for this composi-
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tion, x is called advertible, x’ the adverse of x. If F is any subset of E, we let
Fox=[z0x|2EF];if § is any family of subsets of E, we let Fox=[Fox
| FEF], etc. E is called a Q-algebra (cf. [16, Definition E.1]) if the set of
advertible elements is a neighborhood of zero. E is called advertibly complete
[25, §3] if, whenever & is a Cauchy filter on E such that for some x we have
F o x—0 and x o §—0, then F converges.

A locally convex space is barrelled if every barrel is a neighborhood of zero
(a barrel is a closed, convex, equilibrated, absorbing set). A locally m-convex
algebra is idempotently barrelled (hereafter abbreviated to i-barrelled) if every
idempotent barrel is a neighborhood of zero. F-spaces (complete, metrizable,
locally convex spaces) are barrelled [10, p. 6]; in particular F-algebras are
i-barrelled (an F-algebra is a complete, metrizable, locally m-convex algebra
[16, Definition 4.1]).

We list a few examples of locally m-convex algebras (others will be con-
sidered in the sequel):

ExaMpLE 1. Let T be a set, E a K-algebra of K-valued functions on T,
& a family of subsets of T such that each x €E is bound on each A &E&. The
topology on E of uniform convergence on members of & is then locally
m-convex, defined by the pseudo-norms {pAl A E@} where pa(x)
=sup [| x(t)] |t€A ]. If T is a topological space, E the algebra €(T, K) of all
continuous functions on T, and if each t&T is interior to some 4 &S, then
E is complete (Proposition 2 of [6, p. 14]). Also if T is a domain in C, E the
algebra of all analytic functions on T, then E with the compact-open topology
is complete by a standard theorem of complex analysis.

ExaMPLE 2. Let E be an algebra of bound, continuous R-valued functions
on R which are of bounded variation on every compact interval. Let p(x)
=sup [|*(®)||tER] and let v.(x) be the variation of x in [—n, n]. Then
va(xy) SP()2a(3) +0a(x)p(9). Hence, if Wi, =[x EE|p(x) £27m, va(x) £277],
{ Wn§mn-1 forms a fundamental system of idempotent neighborhoods of
zero for the topology on E defined by these pseudo-norms.

ExaMPLE 3. Let P be either an open subset or the closure of an open
subset of R™, &p the algebra of infinitely differentiable K-valued functions on
R™ vanishing outside P. The topology of Schwartz [19, p. 88] on &p is defined
as follows: For any compact subset 4 of P and any m-tuple p of non-negative
integers (we use the notation of [19, p. 14]), let N%(x) =sup [| (Drx)(®)|
|t€A]. If r is a positive integer and 0<e=1, let V(4, 7, €)= [xE8&p| N5(x)
<27¢ for all m-tuples p such that | p| <r]. Leibniz’s rule for the derivative
of a product shows that each V(4, 7, €) is idempotent. Since the family of all
such V(4, 7, €) is a fundamental system of neighborhoods of zero for the
topology defined by the pseudo-norms N3, that topology is locally m-convex.

ExaMpLE 4. Let E be an algebra, E’ a total subspace of the algebraic dual
of E. If E' is generated by the multiplicative linear forms in E’, the weak
topology ¢(E, E’) defined on E by E’ is surely locally m-convex. (For a
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necessary and sufficient condition that o(E, E’) be locally m-convex, see
Theorem 1 of [26].)

ExaMmpLE 5. If E is an algebra, the collection of all convex, equilibrated,
idempotent, absorbing sets is a fundamental system of neighborhoods of zero
for a locally m-convex topology on E, and this topology is clearly the strong-
est locally m-convex topology on E. For future purposes we examine this
topology for the case where E is the subalgebra of K[Xj, - - -, X,] consisting
of all polynomials in # indeterminants without constant term. If (a1, - - -, &)
is any n-tuple of positive real numbers, let V(ai, + - -, a,) be the convex
equilibrated envelope of [af" - - - o X1 - -XZ'"I (m, - - -, m,) any n-
tuple of non-negative integers not all of which are zero]. It is immediate that
the family of all such V(e, - - -, @n), with the a; rational and <1, is a funda-
mental system of neighborhoods of zero for the strongest locally m-convex
topology on E. This topology is thus metrizable.

The subalgebra E of K[X] of all polynomials without constant term fur-
nished with the topology of Example 5 is an example of an s-barrelled algebra
which is not a barrelled space. E is clearly ¢-barrelled since any convex, equi-
librated, absorbing, idempotent set is a neighborhood of zero. Let B be the
convex equilibrated envelope of {2-"'X »}x~ .. B is then clearly absorbing, so
Bis a barrel. If 3>1, 82" X" B, for if 0 <a<2~—*(8—1)Y", an easy calcula-
tion shows that [32=*"X"+ V(a) |N\B=. For any a>0, lim,., 2~"'a~"=0,
so for large n, a">2""", i.e., a"=4,,2"" where Ba.,>1. Hence if V(e) CB,
for suitably large # we have a"X"=p,.,2"""X"E V() CB, a contradiction.
Hence B is not a neighborhood of zero.

2. Algebraic inductive limits. Let E be an algebra over K, {E,} a family
of locally m-convex algebras, g, a homomorphism from E, into E. There is at
least one locally m-convex topology on E for which all the homomorphisms
g are continuous, namely, the topology whose only open sets are E and &.
Hence there is a strongest such topology.

DEFINITION 1. The algebraic inductive limit topology on E with respect to
locally m-convex algebras {E.} and homomorphisms {g.} is the strongest
locally m-convex topology on E for which all the homomorphisms g, are con-
tinuous. E with this topology is called the algebraic inductive limit of algebras
{Ea} with respect to homomorphisms { ga}.

Usually the algebras E, will be subalgebras of the algebra (without topol-
ogy) E and g, the inclusion map from E, into E. In this case we shall omit
explicit reference to the g,’s.

ProrosiTION 1. Let {Ea} be a family of locally m-convex algebras, g. a
homomorphism from E, into algebra E for all a. If V is an idempotent, convex,
equilibrated, absorbing subset of E, then V is a meighborhood of zero for the
algebraic inductive limit topology if and only if ga'(V) is a neighborhood of zero
in E, for all a. If F is a locally m-convex algebra and if f is a homomorphism
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from E equipped with the algebraic inductive limit topology into F, then f is con-
tinuous if and only if f o ga is continuous for all .

Proof. The class U of all idempotent, convex, equilibrated, absorbing sets
V such that gz1(V) is a neighborhood of zero in E, for all « is clearly a funda-
mental system of neighborhoods of zero for a locally m-convex topology 3
on E. If W is a fundamental system of idempotent, convex, equilibrated
neighborhoods of zero for any other locally m-convex topology 3’ on E for
which all g, are continuous, then each W& W is absorbing and g }(W) is a
neighborhood of zero in E, for all a; hence WC U and 3’ C3, so therefore J is
the strongest such topology, i.e., 3 is the algebraic inductive limit topology.
If f is a continuous homomorphism from E with this topology into F, clearly
all f o g, are continuous since all g, are continuous. Conversely, suppose f is a
homomorphism such that f o g, is continuous for all @. Let U be any convex,
equilibrated, idempotent neighborhood of zero in F. Then f~'(U) is convex,
equilibrated, idempotent, and absorbing. Finally, by hypothesis g« !(f~*(U))
=(fo ga)~Y(U) is a neighborhood of zero in E, for all a; hence by the first
part of this proposition, f~1(U) is a neighborhood of zero in E. Thus f is con-
tinuous.

The algebraic inductive limit topology is locally convex and is therefore
weaker than the strongest locally convex topology on E for which all g, are
continuous, i.e., the linear inductive limit topology. Hence the two topologies
coincide if and only if the linear inductive limit topology is locally m-convex.
We next show that the two topologies may be distinct, even when they are
defined by an increasing sequence {E,}r., of subalgebras of E such that

w1 E.=E, each E, equipped with the topology induced by a metrizable,
locally m-convex topology on E.

ExaMPLE 6. Let E=K|[X,], be the algebra of all polynomials in inde-
terminants {X;}Z_l, E, the subalgebra K[X;];., of E. For any sequence
x={x:}2, of scalars, let x* be the multiplicative linear form defined on E
by x*(h) =h(x). Let H,= [{-xi}{lllxi is a non-negative rational for all 7, and
x;=0if i>m], and let H= [x*] xEUZ., H,]. It follows at once from a stand-
ard theorem of algebra (e.g., Proposition 8 of [3, p. 27]) that if x*(k) =0 for
all x*€H, then h=0. Hence if E’ is the subspace of the algebraic dual E*
generated by H, E' is total. The weak topology ¢(E, E’) is then clearly locally
m-convex, and as E’ has a denumerable base, is metrizable. We shall show
that if each E, is furnished with the locally m-convex topology induced by
o(E, E'), then the linear inductive and the algebraic inductive limit topologies
defined on E by {E,}.., are distinct.

Let B,=[x*|x= {x.};2,EH, and each x; is an integer <n]. Since B, is
finite, Vo= [hEE.| |x*(h)| <2~ for all x*€B,] is a convex, equilibrated,
idempotent neighborhood of zero in E,. Let V be the convex envelope of
Uz, V.. Vis then clearly a neighborhood of zero for the linear inductive limit
topology on E. We need two facts about these sets: (1) Let x*&B;, g€V},
and let g= D _%_, g. where g, is the sum of those terms of g in E, but not in
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E. .. Then |x*(g.)| <2"~1-i<1 for 1<n<j. To prove the assertion we pro-
ceed by induction: Suppose Ix*(gk)| < 2k¥1-7 for all positive integers k <n.
Let x={x;};2,, and lety = {y,} ., where y;=x;for i <n, ;=0 for i>n. Then
y*g)= 2r1 ¥*(@), y*(g) =x*(gx) for 1=k<#un, and y*EB;, whence
| y*(g)] <2-i, By the inductive hypothesis, |Y*(gk)| =|x*(gk)| < 2¥1=7 for
k<n.Hence | x*(g.)| =|y*(g.)| 2 |y*@)| + 25021 | y*(en)| <277+ 2pzior—1-i
=27"1=i (2) If hE V is such that each term of % is in E, but not in E,_;, then
for any x*C€B,, | x*(h)| <1. For let k= _;_, \;g; where r=n,\;20 for all j,
> i\=1,and g,EV;,. Let g;j= D> 1., g;; where g;; is the sum of those terms
of g; in E; but not in E,_;. Then by hypothesis k= Y__, \;gjn. For all j=n,
x*€B,CB;, so by (1) |x*(g;»)| <1; hence Ix*(h)l <>, )\jlx*(g,-,.)] <1.
Suppose now that V is a neighborhood of zero for the algebraic inductive
limit topology. Then V contains an idempotent equilibrated neighborhood
W of zero for the algebraic inductive limit topology. For each positive integer
n, let n= {n,-},‘f,, where n;=n for j<n and n;=0 for j>n. As W is absorbing
and equilibrated, for each positive integer # we may choose a, >0 such that
a,X.EW. Then for any positive integer m, (cnX1)™(@.X,)=0clo . X7X,
EWC V. Hence by (2),as n*&B,, I n*(af"a,.X{"X,.)l <1,i.e., (am)™(a.n) <1,
and thus oun <(a.n)~Y™. As this holds for all m, ain Slimg,..(a.n)"Ym=1,
so a1 =1/n. As this is true for all %, a; =0, a contradiction. Hence V is not a
neighborhood of zero for the algebraic inductive limit topology, and thus the
two inductive limit topologies are distinct.

We seek now conditions insuring that the algebraic and the linear induc-
tive limit topologies coincide. Michael [16, pp. 60-65] has given two such
conditions. We shall give two others which are sufficient to cover most ap-
plications.

PROPOSITION 2. Let E be a normed algebra, { E.} subalgebras, each furnished
with the topology induced from E, such that U.E.=E. Under either of the fol-
lowing two conditions, the algebraic inductive limit topology and the linear induc-
tive limit topology on E with respect to { E.} coincide: (1) Each Eqis an ideal;
(2) {Ed.}, ordered by inclusion, is totally ordered.

Proof. Let V be a convex, equilibrated neighborhood of zero for the linear
inductive limit topology. For each « let €, be such that 0<e, <1 and such that
Wa=[xEE.]|||x]| S€«] S VNE.. Let W=U,W.,. Then WCV, W is absorb-
ing, and in both cases W is idempotent: Let x, y& W, and let & and 8 be such
that xEW,, yEWs. (1) As E, is an ideal, xyE€E, and ||y|| Ses<1; hence
Iyl = |=[l]|#]] < ||%]| < €, s0 x¥EW.CSW. (2) We may assume EsCE,; then
xyEE, and as in (1) [|xy]| Sea, so xyEW.CW. Now let U be the convex
equilibrated envelope of W. Since V is convex and equilibrated and since
WCV, UCV. Since W is idempotent and absorbing, so also is U. Finally
UNE,2DWNE.2DW.,, a neighborhood of zero in E.. Thus by Proposition 1,
U is a neighborhood of zero for the algebraic inductive limit topology on E.
Hence the two inductive limit topologies coincide.
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ExAMPLE 7. Let T be a locally compact space, X(7") the algebra of all
continuous functions from T into R which vanish outside compact subsets
of T. For a given compact subset L of T, we let X(7, L) be the ideal of all
such functions vanishing outside L. (7 has a natural norm topology, ||x||
=sup [| ()| |tET]. The linear inductive limit topology on %(T) defined by
the family [&(ZT, L)|L compact] of subspaces equipped with the norm
topology induced by the norm of X(T') is called the measure topology of X(T),
for the Radon measures on T are precisely the members of the topological
dual of X(T) equipped with this topology (see Exercise 1 of [9, p. 64]). Since
each (T, L) is an ideal and since X(7") is the union of such ideals, the
measure topology is locally m-convex by (1) of Proposition 2.

ExampLE 8. Let T be a well-ordered set with least element @, equipped
with the usual interval topology, E the algebra of all R-valued, bound, con-
tinuous functions on T which are constant outside closed intervals. For
t&T let E,= [xEEI x is constant outside [a, t]], equipped with the uniform
norm. Then the linear inductive limit topology on E with respect to { E,|t€ T}
is locally m-convex by (2) of Proposition 2.

PROPOSITION 3. Let 3 be a locally m-convex topology on E, {E,,}:,l an in-
creasing sequence of ideals, each furnished with the topology induced by 3, such
that Uy E,=E. Then the linear and the algebraic inductive limit topologies on
E with respect to { E,} ., coincide.

Proof. Let {p.}.cr be a family of pseudo-norms defining the topology
3 such that p.(xy) < pa(x)pa(y) for all x, yEE and all «&ET'. Let V be a con-
vex, equilibrated neighborhood of zero for the linear inductive limit topology.
For all positive integers k choose ¢ and a finite subset I'x of T' such that
0<e&=1and Vi=[xEE:| pa(x) S & for all « €T ] is contained in VNE;. For
all positive integers n, let W, = [xEE,.l Pa(x) Sminysi<n € for all a & Up_; Ty ).
W, is then a neighborhood of zero in E,. Let W=U,_, W,. W is clearly ab-
sorbing, and since W,C V, for all n, WC U,., V,C V. W is idempotent: Let
x, yEW. Let n, m be such that xEW,, y&E W,, and we may suppose m = n.
Then xyEE, as E, is an ideal. For any a& Ui Tk, « is also a member of
Up_, T, and hence po(y) Smini<i<m € =1; hence pa(xy) £ pal(x)pa(y) = palx)
<min;ck<n €&, 50 xyE W,CW. Now let U be the convex equilibrated envelope
of W. As V is convex and equilibrated and as WC V, so also UC V. Since W
is idempotent and absorbing, so also is U. Finally UNE,2WNE,2W,, a
neighborhood of zero in E,. Hence by Proposition 1, U is a neighborhood of
zero for the algebraic inductive limit topology on E. Hence the two inductive
limit topologies coincide.

COROLLARY. Let E be an algebra, the union of an increasing sequence
{E,,},‘:Ll of ideals. Let 3, be a locally m-convex topology on E, such that for all n,
the topology induced on E, by 3,41 1s 3. Then the linear and the algebraic induc-
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tive limit topologies on E with respect to { E,} ., coincide if and only if for all n,
the topology induced on E, by the algebraic inductive limit topology is 3..

Proof. The condition is sufficient by Proposition 3. It is necessary by
Proposition 3 of [7, p. 64].

Example 6 shows that “metrizable” cannot replace “normed” in Proposi-
tion 2, nor can “subalgebra” replace “ideal” in Proposition 3.

ExaMPLE 9. Let E be the direct sum of algebras { E;} 2, each E; equipped
with a locally m-convex topology 3.. Then the linear and algebraic inductive
limit topologies on E with respect to { E;} -, coincide: For if F, is the direct
sum of {E;}7., with the product topology 3, of [[%, E;, the linear [respec-
tively, algebraic] inductive limit topology on E with respect to { E.-},“.’.l is
identical with the linear [respectively, algebraic] inductive limit topology
with respect to { Fn}m.;. {F.}x.1 is an increasing sequence of ideals whose
union is E. If J is the restriction to E of the topology of ]2, E;, 3 induces
3. on F,, and hence Proposition 3 is applicable.

More generally, if E is the direct sum of algebras { E.}, each E, furnished
with a locally m-convex topology, then E, furnished with the algebraic induc-
t{ive }limit topology defined by {E.}, is called the topological direct sum of

E,;.

ExampLE 10. Let P be an open subset of R, Dp the K-algebra of all
infinitely differentiable K-valued functions on R™ vanishing outside compact
subsets of P. If Xp is the family of all closures of open, relatively compact
subsets of P, Dp= U[SK[KE Xp], and the topology of Schwartz on Dp is
the linear inductive limit topology with respect to the family [6x| K€ Xp]
[19, pp. 67-68]. This topology is the same as the linear inductive limit topol-
ogy with respect to {SK,.}:-n where each K,EXp, U7 K,=P, and K, is
contained in the interior of K,41. {&x,}en; is then an increasing sequence of
ideals whose union is Dp, each ideal furnished with the locally m-convex
topology induced from &p. Hence by Proposition 3, Dp is locally m-convex.
(This is shown by a different method in §15 of [16], which also contains
special cases of Examples 7 and 9.)

3. i-bornological algebras. Henceforth, all locally m-convex algebras
considered are Hausdorff unless the contrary is indicated.

If A is a subset of an algebra E, there exists a smallest subset containing
A which is idempotent, namely, the intersection of all idempotent subsets of
E containing 4. This set is also clearly the same as U, ,4".

DEFINITION 2. If 4 is any subset of an algebra E, the idempotent envelope
of 4 is the smallest idempotent subset containing 4.

DEFINITION 3. Let E be a locally m-convex algebra, ACE. A is idem-
potently bound (hereafter abbreviated to ¢-bound) if for some A >0, A4 is con-
tained in a bound, idempotent set, or equivalently, if for some A >0, the idem-
potent envelope of A4 is bound.
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DEeFINITION 4. Let f be a function from locally m-convex algebra E into
another locally m-convex algebra F. f is idempotently bound (hereafter ab-
breviated to i-bound) if for all i-bound subsets 4 of E, f(4) is bound.

DEFINITION 5. A locally m-convex algebra E is i-bornological if every i-
bound homomorphism from E into any locally m-convex algebra F is con-
tinuous.

We shall see that the i-bound sets form the algebraic counterpart to the
bound sets in locally convex spaces. Not every one-point subset of a locally
m-convex algebra need be 7-bound; for example, if x&E €(R, R) is an unbound
function, {x} is not z-bound for the compact-open topology on €(R, R).

DEFINITION 6. A locally m-convex algebra E is pointwise idempotently
bound (hereafter abbreviated to “p.i.b.”) if for all xEE, {x} is 2-bound.

Any normed algebra is clearly p.i.b.; hence by (5) of Proposition 4 below,
a locally m-convex algebra E cannot be the algebraic inductive limit of
normed algebras {E.,} with respect to-homomorphisms g,: E,—E such that
Uage(Eo) =E unless E is p.i.b. Thus in proving the algebraic analogues of
properties (B 1) and (B 4), defined at the beginning of the paper, equivalent
(Theorem 4), we must drop the condition U, g.(E.) =E from (B 4).

ProrpositioN 4. (1) If A is i-bound, so is any scalar multiple of A, any sub-
set, and the closed, convex, equilibrated envelope of A. (2) If E is a normed alge-
bra, A is bound in E if and only if A is i-bound. (3) If E is commutative and if
A and B are bound and idempotent, then AB and the closed, convex, equilibrated,
idempotent envelope of A\JB are bound and idempotent; hence the product and
the union of any finite family of i-bound subsets of E are i-bound. (4) If {x”},:L,
1s bound, then for any a € K such that lal <1, (ax)*—0; hence E is p.i.b. if
and only if, for all xEE, there exists N>0 such that (\x)"—0. (5) If E is the
algebraic inductive limit of p.1.b. algebras {E,} with respect to homomorphisms
ga: Eoa—E such that E=\U.g.(E.), then E is p.i.b.

Proof. (1) is obvious. (2) follows from the fact that the closed unit ball of
a normed algebra is an ¢-bound neighborhood of zero. (3) As (x, y)—xy is
bilinear and continuous, 4B is bound; further, (4B)?=ABAB=A*B*CAB;
hence AB is bound and idempotent. But then 4A\UB\UA4 B is also bound. And
(A\UB\UAB)?CA\JABUA:BUB*UBAB\UABABCA\UB\UAB. Thus the
idempotent envelope of A\UB is A\UB\UA B, a bound set, so the result follows.
(4) A subset A of a locally convex space is bound if and only if for every
sequence {an},f=l_C_A and every sequence of scalars {a,, },‘;‘;1 such that
0,—0, ana,—0. In particular, if {x7},>, is bound and || <1, (ax)* =arx"—0.
Thus for any element y of a p.i.b. algebra, there exists A >0 such that (Ay)*—0.
Conversely, if (Ax)"—0, then {()\x)" },‘f,l is a bound, idempotent set, so {x} is
i-bound. (5) Given xEE, let a and yE E, be such that g.(y) =x. If A\>0 is
such that (\y)"—0, then (Ax)"=(Aga(¥))"=ga(Ay)" =ga((Ay)")—0. Hence by
(4) E is p.i.b.
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ExAMPLE 11. Any normed algebra E is i-bornological: Every bound sub-
set of a normed algebra is 7-bound; hence every i-bound homomorphism on
E is bound and hence continuous as E is a bornological space. More generally,
if E is a bornological locally m-convex algebra such that every bound set is
i-bound, then E is 7-bornological.

We shall now associate with a given (Hausdorff) locally m-convex topol-
ogy 3 on E a stronger i-bornological topology 3*, coinciding with J if and only
if 3 is ¢-bornological. The characterization of 3* yields the proof that an
i-bornological algebra is the algebraic inductive limit of normed algebras in
a way very similar to the corresponding proof for bornological spaces. One
feature of our treatment is the preservation of certain completeness properties
from E to the inducing normed algebras. This enables certain problems about
i-bornological algebras to be solved by reducing them to the corresponding
normed algebra case (Theorem 2). A similar technique, exploited in Theorem
3, is passing to and from 3* to derive information about 3.

DEFINITION 7. Let 3 be a locally m-convex topology on E. A subset 4 of
E is i-bornivore if A is convex, equilibrated, absorbing, idempotent, and if 4
absorbs every i-bound subset of E;3.

PROPOSITION 5. Let 3 be a locally m-convex topology on E. (1) The family of
all i-bornivore sets is a fundamental system of neighborhoods of zero for a stronger
locally m-convex topology 3* on E. (2) 3 and 3* have the same i-bound sets. (3) E;
3* 15 i-bornological; moreover, if f is a homomorphism from E into any locally
m-convex algebra F, then f is i-bound on E;3 if and only if f is continuous on
E;3*. (4) E;3 is 1-bornological if and only if 3=23*%, i.e., if and only if every
i-bornivore set is a neighborhood of zero.

Proof. Let @ be the collection of all s-bornivore sets of E;3. (1) Clearly @
is a filter base, and 0< I)\| =1, A& @ imply N & @; hence by a remark of
§1, @ is a fundamental system of neighborhoods of zero for a locally m-convex
topology 3*. 3* is stronger than J since every convex, equilibrated, idem-
potent neighborhood of zero for 3 is absorbing and absorbs every bound set.
(2) is immediate by the definition of 3*. (3) Let f be an ¢<-bound homomor-
phism on E;3* and let V be an idempotent, convex, equilibrated neighborhood
of zero in the image space F. Then f~!(V) is clearly convex, equilibrated,
idempotent, and absorbing. f~1(V) absorbs all 4-bound sets: If B is i-bound,
f(B) is bound by hypothesis, so there exists A>0 such that f(B)C\V, and
hence BCA~Y(V). Hence f~1(V)E @, so f is continuous on E;3*. Thus 3* is
an ¢-bornological topology on E. The remainder of (3) then follows from (2).
(4) The condition is sufficient by (3). Necessity: If f is the identity map from
E;3 onto E;3*, f is i-bound by (2). Hence by hypothesis f is continuous and
so, as J* is stronger than 3, a homeomorphism. Thus 3= J*.

COROLLARY. If the topology of a locally m-convex algebra E is the strongest
possible locally m-convex topology on E, then E is i-bornological. Conversely, if
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E is an i-bornological algebra such that the set H of i-bound elements is a finite-
dimensional subalgebra of E, then the topology of E is the strongest possible
locally m-convex topology.

Proof. Let 3 be the topology of E. The hypothesis of the first assertion
implies 3= 3*, so E is i-bornological. Suppose E is ¢-bornological and that H
is a finite-dimensional subalgebra. Let 3’ be the strongest locally m-convex
topology on E, f the identity map from E;J onto E;J’. If B is any ¢-bound sub-
set of E;3, BCH. But as H is finite-dimensional, the restriction of f to H is
continuous (Corollary 2 of Theorem 2 of [7, p. 28]), and hence f(B) is bound.
f is therefore an ¢-bound homomorphism, hence continuous, and therefore
3=7.

Note: We shall see later (Corollary of Proposition 11) that if E is com-
mutative, H is necessarily a subalgebra.

We recall [7, p. 94] that if B is a closed, convex, equilibrated subset of a
Hausdorff locally convex space, then on the subspace Eg generated by B,
pa(x) =inf [\>0|xENB] is a norm whose closed unit ball is B; further if E
is an algebra and B idempotent, pp satisfies the multiplicative inequality
p5(xy) = pa()p5(y) (Lemma 1.2 of [16]).

THEOREM 1. Let E;3 be an i-bornological algebra, ® the class of all closed,
bound, convex, equilibrated, idempotent subsets of E. For each BE®, the linear
space Eg is a subalgebra, and Ep furnished with norm pg is thus a normed alge-
bra. Let 35 be the norm topology on Eg, Sg the open unit ball in Ep;3p. Then
E;3 is the algebraic inductive limit of { Ez;5s} e with respect to the inclusion
maps. Further: (1) E is p.i.b. if and only if E=Upeg Es. (2) If E is commuta-
tive and p.i.b., then Upcg Sk is a convex, equilibrated, idempotent neighborhood
of zero. (3) If E is sequentially complete (i.e., if all Cauchy sequences converge),
then so is each Eg, BE®. (4) If E is advertibly complete, then so is each Ep,
BE®.

Proof. Since each BE® is idempotent, the linear space generated by B is
clearly a subalgebra. If V is an equilibrated neighborhood of zero for 3, let
A>0 be such that ABCV for a given BE®. Then ABC VM Eg, and hence
as AB is a neighborhood of zero in Ejg, the topology induced on Eg by 3 is
weaker than 3z. So to prove 3 is actually the algebraic inductive limit
topology, it suffices, by Proposition 1, to show that if Wis a convex, equili-
brated, absorbing, idempotent subset of E such that WNEjp is a neighbor-
hood of zero in Ep for all BE®, then W is a neighborhood of zero for 3. But
if WNEg is a neighborhood of zero in normed algebra Ejp, then clearly
WNEpg absorbs B and hence also W absorbs B. Thus W absorbs all BE®;
but every i-bound subset of E is contained in a scalar multiple of some
BE®, so W absorbs all 4-bound subsets of E. Hence W is i-bornivore and
thus, by (4) of Proposition 5, W is a neighborhood of zero for 3. Therefore E
is the algebraic inductive limit of the family {Ez;3z} of normed algebras.
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We turn now to the supplementary statements. (1) Suppose E is p.i.b.
Then if x&E, for some A>0, the closed, convex, equilibrated, idempotent
envelope B of {\x} is bound; hence BE® and x€ Ep. Conversely, suppose
E= UBE(B Ep. Given x&E, choose BE® such that x&Eg. Then for some
A>0, \xEB, a bound, idempotent set; hence { x} is 4-bound. (2) Let
S= UBE(B Sg. Each Sp is convex, equilibrated, and idempotent. Hence to
show S has these properties, it clearly suffices to show that {SBIB E®} is
cofinal for the partial ordering defined by inclusion. Given 4, BE®, let C
be the closed, convex, equilibrated, idempotent envelope of A\UB. By (3) of
Proposition 4, C is bound and hence CE®. Also for x& Ey, pa(x) =inf \>0]|x
EM]zinf N\>0|xENC]=pc(x), and similarly for xEEp, pp(x) = pe(x).
Hence if x&S,\JS3, then either pa(x) <1 or pp(x) <1, so

pe(x) < min {pa(), pa()} < 1.

Thus S4\USpCSc, and the assertion is proved. Since E=Uecg Es, S is
clearly absorbing. S certainly absorbs all BE® and hence all 4-bound sets.
Thus S is i-bornivore and hence by (4) of Proposition 5 is a neighborhood
of zero. (3) Suppose now that E is sequentially complete. Proposition 8 and
its corollary of [7, p. 11] hold if “sequentially complete” replaces “complete”;
hence as each B&E® is closed in the given topology 3, Ep is sequentially
complete for all BE®. (4) Suppose E is advertibly complete. Let § be a
Cauchy filter on Ep;3p such that for some z&EEg, 30 F—0 and §o02—0 in
Ep. Then as 3 is stronger than the topology induced on Ez by 3, ¥ is a
Cauchy filter base on E and z 0 §—0, § 0 2—0 in E;3. Hence by assumption
there exists 2’ € E such that §—z’ in E;3. As E is Hausdorff, 2’ is clearly the
adverse of 2. We assert 2’ € Ep: There exists FEF such that Fis B-small. Let
y&EF. Then F+(—y)CB, so FCy+ B. But since B is closed in E;J, so also
v+ B is closed in E;3. Hence 2’ €F Cthe closure of y+B =y+BCEp. Finally,
§—2’ in Ep;3p since F=00F=(3'02)0F =5 0(30F)—2z 00=32" in Ep;3p
by assumption. Thus Eg is advertibly complete.

COROLLARY. A sequentially complete, i-bornological algebra is the algebraic
inductive limit of Banach algebras. An advertibly complete, i-bornological algebra
is the algebraic inductive limit of normed Q-algebras.

Proof. A sequentially complete, normed algebra is complete. An advertibly
complete, normed algebra is a Q-algebra by Theorem 7 of [25].

THEOREM 2. Let E be an i-bornological algebra which is either sequentially
complete or advertibly complete. Then every multiplicative linear form on E is
continuous. If, in addition, E is commutative and p.i.b., [x] — Do, x™ exists
and is the adverse of x| is a neighborhood of zero; in particular E is a Q-algebra.

Proof. E is the algebraic inductive limit of normed Q-algebras {EB} BE®
by the corollary of Theorem 1 (for every Banach algebra is a Q-algebra).
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If « is a multiplicative linear form on E, its restriction to each Ep is again a
multiplicative linear form which is thus continuous on Eg (cf. Lemma E.4
of [16, p. 77]). Hence, by Proposition 1, « is continuous on E. Suppose now
that E is commutative and p.i.b. If Sp is the open unit ball of Eg, by (2) of
Theorem 1 S=Upeg S is a neighborhood of zero. Given x& S5, the proof
of Theorem 7 of [25] shows that the sequence { — D 7, x7} ., converges to
the adverse of x for 35 and hence also for the weaker topology induced on Eg
by 3. Thus SC[x| — D, x" exists and is the adverse of x].

THEOREM 3. If E is an advertibly complete, locally m-convex algebra, every
multiplicative linear form on E is i-bound.

Proof. If 3 is the given advertibly complete topology of E, 3* is also ad-
vertibly complete: For if & is a Cauchy filter on E;3* such that for some x,
¥ 0 x—0 and x 0 §—0 in E;J3*, clearly ¥ is Cauchy, F o x—0 and x 0 $—0 in
E;3 as 3 is weaker than 3*. Hence by hypothesis there exists ' © E such that
F—x' in E;3. As 3 is Hausdorff, x’ is the adverse of x. Hence in E;3*, F=00 &
=(x"0x)oF=x" 0 (x 0F)—>x’ 0 0=x', so E;3*is advertibly complete. Hence
by Theorem 2, every multiplicative linear form on E is continuous for topol-
ogy 3* and hence also is ¢-bound on E;J by (2) of Proposition S.

Theorem 3 is a step towards an answer to the following question raised
by Michael (Question 2 of [16, p. 50]): Is every multiplicative linear form on
a commutative, complete, locally m-convex algebra necessarily a bound
linear form?

If E is an algebra, there need not, in general, be any Hausdorff locally m-
convex topologies on E, even though there may be Hausdorff locally convex
topologies on E compatible with the algebraic structure of E (i.e., for which
(x, ¥)—xy is continuous on E X E). For example, Williamson [27] has shown
that there exist Hausdorff, locally convex topologies on C(X), the field of all
rational fractions in one indeterminant, compatible with its algebraic struc-
ture. But by the Gelfand-Mazur Theorem for locally m-convex algebras
(Proposition 2.9 of [16, p. 10]), there can exist no Hausdorff locally m-convex
topologies on C(X). Suppose, however, there does exist a Hausdorff locally
m-convex topology on E yielding E’ as topological dual. Then the topology
generated by all locally m-convex topologies on E yielding E’ as topological
dual is again locally m-convex. Since each such topology is weaker than
7(E, E'), so is the topology thus generated; hence its topological dual is also
E’. Thus, if E’ is a total subspace of the algebraic dual of E such that there
exist locally m-convex topologies on E for which E’ is the topological dual,
there exists a strongest such locally m-convex topology, which we denote by
“x(E, E').” It follows from the Mackey-Arens theorem (Theorem 4 of [15,
p. 523] and Theorem 2 of [1, p. 790]) that a fundamental system of neighbor-
hoods of zero for x(E, E') is the class of all polars in E of weakly compact,
convex subsets C of E’ such that C°is idempotent. The author does not know
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if x(E, E'), when defined, is necessarily identical with 7(E, E').

DEerFINITION 8. Let f be a linear transformation from locally m-convex
algebra E to locally m-convex algebra F. We shall say f is i-bornological if,
for every neighborhood V of zero in F, f~1(V) contains an ¢-bornivore set.

The author does not know an example of a bound linear form which is
not ¢-bornological, nor of an 7-bornological algebra which is not a bornological
space. Any continuous linear transformation is ¢-bornological, for if V is a
neighborhood of zero in F, f~1(V) contains a convex, equilibrated, idempotent
neighborhood of zero in E which is, clearly, an s-bornivore set. Any 3-borno-
logical transformation f is 4-bound: For if B is ¢-bound, V a neighborhood of
zero in F, there exists A>0 such that BCN~!(V) since f~}(V) contains an
i-bornivore set; hence f(B) CAV. Thus f(B) is bound and so f is 7-bound. Also,
if f is a homomorphism, then f is 7-bound if and only if f is ¢-bornological:
For if f is ¢-bound and if V is a convex, equilibrated, idempotent neighbor-
hood of zero in F, then f~!(V) is convex, equilibrated, idempotent, and ab-
sorbing. Also if B is ¢-bound, f(B) is bound; thus there exists A such that
f(B)SAV and hence BCN~(V). Therefore f~1(V) is s-bornivore.

THEOREM 4. Let E;3 be a (Hausdorff) locally m-convex algebra, E’ the
topological dual of E. The following are equivalent: (IB 1) E is i-bornological.
(IB 2) No strictly stronger locally m-convex topology on E has the same i-bound
sets. (IB 3) Every i-bornivore set is a neighborhood of zero. (1B 4) E is the alge-
braic inductive limit of normed algebras. (IB 5) 3=x(E, E'), and every i-borno-
logical linear form on E is continuous. (1B 6) Everyi-bornological linear trans-
formation from E into any locally m-convex algebra is continuous.

Proof. By Proposition 5, (IB 1) and (IB 3) are equivalent, and (IB 2)
implies (IB 1). (IB 3) implies (IB 2): Let 3’ be a locally m-convex topology
on E stronger than 3 but have the same ¢-bound sets as 3. Then every con-
vex, equilibrated, idempotent neighborhood V of zero for 3’ is absorbing and
absorbs every i-bound subset of E;3 and hence is an ¢-bornivore subset of
E;3. Thus by (IB 3) V is a neighborhood of zero for 3, and so 3=3'. (IB 6)
implies (IB 1), for the identity map from E;J onto E;3* is ¢-bound by (2) of
Proposition 5, hence is i-bornological and thus continuous. Therefore 3= 3*
and 3 is s-bornological. (IB 3) implies (IB 6): If f is an i-bornological linear
transformation from E into F, for any neighborhood V of zero in F, f~1(V)
contains an z-bornivore set which is by hypothesis a neighborhood of zero.
Hence f is continuous. (IB 2) implies (IB 5): For 3 and x(E, E’) have the
same bound sets by Theorem 7 of [15, p. 524] and hence also the same
i-bound sets. Therefore by hypothesis, 3=x(E, E’). On the other hand, the
equivalence of (IB 2) with (IB 6) shows that every i-bornological linear form
is continuous. (IB 5) implies (IB 1): By hypothesis, E;3 and E;3* have the
same topological dual. Hence x(E, E’') =3C3*Cx(E, E’), so 3=3* and thus
E;3 is i-bornological. (IB 1) implies (IB 4) by Theorem 1. It remains to show
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(IB 4) implies (IB 1). Since every normed algebra is i-bornological, the
desired implication follows from the more general result that the algebraic
inductive limit of i-bornological algebras is i-bornological; this result is
proved in the next section (Proposition 6).

ExaMpLE. If T is a locally compact space, the algebra &(7T") with the
measure topology (Example 7) is ¢-bornological by (IB 4).

4. Properties of permanence. Here we shall investigate the extent to
which the property of being 4-bornological is preserved under certain dpera-
tions of algebra.

PropoSITION 6. The algebraic inductive limit of i-bornological algebras is
1-bornological.

Proof. Let E be the algebraic inductive limit of i-bornological algebras
{E.} with respect to homomorphisms {g«}. Let f be an i-bound homomor-
phism from E into a locally m-convex algebra F. Then since every g, is con-
tinuous and thus ¢-bound, f o g, is clearly #-bound for all «, and hence f o g
is continuous for all @ by hypothesis. But then by Proposition 1, f is continu-
ous. Hence E is 7-bornological.

COROLLARY 1. If E is an i-bornological algebra, H a closed ideal of E, then
E/H is i-bornological.

Proof. The topology of E/H is the strongest locally m-convex topology
on E/H such that the canonical map ¢:E—E/H is continuous. Since ¢ is a
homomorphism, E/H is the algebraic inductive limit of { E} with respect to
{¢}, so the result follows from Proposition 6.

COROLLARY 2. If E is i-bornological, f a continuous, open homomorphism
from E onto F, then F is i-bornological.

Proof. F is topologically isomorphic with E/H, where H is the kernel of f.

COROLLARY 3. The topological direct sum of i-bornological algebras is i-
bornological.

ProposITION 7. If Ey, - - -, E, are locally m-convex algebras, E= H7=1 E;
is i-bornological if and only if each E; is i-bornological.

Proof. Necessity: The projection map from E onto E; is a continuous,
open homomorphism. Hence by Corollary 2 of Proposition 6 E; is i-bornologi-
cal. Sufficiency: By induction it suffices to show that if E and F are i-borno-
logical, so is EXF. If f: EX F—G is an i-bound homomorphism, let g: E—G
and k: F—G be defined by g(x) =f(x, 0) and k(y) =f(0, y). Then g and £ are
clearly i-bound homomorphisms and hence continuous. But then, since
f(x, ¥) =g(x)+h(y), it follows that f is continuous and hence EXF i-borno-
logical.
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If E is a locally m-convex algebra, we let E+ be the algebra E with identity
adjoined. That is, Et=EXK (with the Cartesian product topology) with
addition and scalar multiplication defined componentwise, and multiplication
defined as follows: (x, @) (¥, 8) = (xy+Bx+ay, aB). Et is then a locally #-con-
vex algebra by Proposition 2.4 of [16, p. 7].

ProrosITION 8. E is an i-bornological algebra if and only if Et is i-borno-
logical.

Proof. We denote by pr, the map (x, N\)—x and by pr. the map (x, N)—A.
Both are linear, continuous, and open, and pr; is a homomorphism. Neces-
sity: Let f be any 4-bound homomorphism from Et* into locally m-convex
algebra F. Let g(x) =f(x, 0) be defined on E. If B is a bound, idempotent
subset of E, BX {0} is clearly bound and idempotent in E+, and hence
g(B)=f(BX{0}) is bound in F. Therefore g is i-bound and hence continuous.
Let e=f(0, 1). Then e is the identity for f(E*), and hence f(x, N) =g(x) +Ne.
As g and the map A—)\e are continuous, f is continuous. Hence E* is ¢-borno-
logical. Sufficiency: First, we prove the following: If B is a bound, idempotent,
convex, equilibrated subset of E*, then 3—pri(B) is bound and idempotent
in E. Since pr, is linear and continuous, 31pr,(B) is bound. Let x, yE pri(B).
Then for some a, BEK, (x, «) EB and (y, B) EB. Then a, BEpra(B); as pra is
a continuous homomorphism, pr,(B) is bound and idempotent in K and hence
is clearly contained in the closed unit ball [A||\| =1]. Thus |a| <1 and
|8] =1. Now (x, &)(y, B) =(xy+Bx+ay, af), so z=xy+Bx+ayEpr(B).
Hence xy =z —ay—fx&3pr.(B), since pri(B) is convex and equilibrated and
since |a| =<1 and |B| =1. But then (37)(37'y) =9"1xy&3~1pri(B), so
3~1pri(B) is idempotent, and our assertion is proved. It follows from this
assertion that for any ¢-bound subset B of E*, pr(B) is i-bound in E. Now
let g be any 7-bound homomorphism from E into a locally m-convex algebra
F. Let f: Et—F* be defined by f(x, A\) =(g(x), N). Clearly f is a homomor-
phism. If B is any ¢-bound subset of E+, f(B)Cg(pri(B)) Xpr:(B). By the
above pri(B) is ¢-bound, so g(pr1(B)) is bound. Also pr:(B) is bound, and
hence g(pr1(B)) Xpr:(B) is bound in F*; hence f(B) is bound. Thus f is an
i-bound homomorphism and so, by hypothesis, is continuous. But then so
also is g since g(x) = (pr1 o f)(x, 0). Hence E is i-bornological.

If H is a closed ideal of an ¢-bornological algebra E, H need not be
i-bornological, even if E is the topological direct sum (as a locally convex
space) of H and a subalgebra J (though, of course, if E is the topological
direct sum of H and an ideal J, H is ¢-bornological by Proposition 7).

ExaMPLE 12. Let E be the subalgebra of K[X, Y] consisting of all poly-
nomials in two indeterminants without constant term, equipped with the
topology of Example 5. The set of 4-bound elements of E is the subalgebra
{0}: If not, by (4) of Proposition 4 there exists 20 such that z"—0. Let
z= D . ;a;X Y7 and let 1 be the smallest integer such that a40 for some k.
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Let j be the smallest integer such that «;;#0. Then the coefficient of X»i¥Y»i
in 2" is of;. Choose § such that 0<ﬁ‘+"<|a,-,-|. If z»&V(B, B), then |a§‘,|
<Bri+ni= (B#*i)», impossible. Hence the sequence {z"},., does not converge
to zero, so the assertion is proved. Let H be the subspace spanned by
[Xiyi Ii;O, j=1]. H is clearly an ideal. By the corollary of Proposition 5,
E is 4-bornological, and also if H is ¢-bornological, the topology of H must be
the strongest locally m-convex topology possible on H. But it is not: Let W
be the convex, equilibrated envelope of {2""’X ny },T_OU {X n Y'”};Lo';:g. W is
the convex, equilibrated envelope of an idempotent set, and hence is idem-
potent. W is an absorbing subset of H, and thus is a neighborhood of zero in
H for the strongest possible locally m-convex topology. Suppose for some
a>0,8>0, WD V(a, B)NH. Then (aX)™(8Y) EW for all positive integers m,
i.e., a"3X»YEW. Therefore am3<2-"" and so afl™<2-™ for all m. Hence
a=lim,_., af!"<lim,., 27 =0, a contradiction. Thus W is not a neighbor-
hood of zero in H, and so H is not ¢-bornological. If J is the subalgebra of
K|[X] of all polynomials in one indeterminant without constant term, E is
clearly the direct sum of J and H. The projection map pr; from E onto J is
continuous, for given any 8>0, V(8, 1)Cpri*(V(B)). Hence also the projec-
tion map from E onto H is continuous, so E is the topological direct sum of
J and H; in particular, H is closed.

Finally, we observe that if E is a locally m-convex algebra over C, E, the
algebra over R obtained from E by restricting the field of scalars, then E is
i-bornological if and only if E, is. It suffices to show that every ¢-bornivore
set of E [respectively, E,] contains an i-bornivore set of E, [respectively, E].
But if V is an ¢-bornivore set of E, it is also an ¢-bornivore set of E,. Con-
versely, let V be an ¢-bornivore set of E,. If W is the C-equilibrated envelope
of 2= (VN\iV), it is elementary that WC V, W is idempotent, and hence
that W is an ¢-bornivore subset of E.

5. Algebras of continuous functions and infinite Cartesian products.
Let T be a completely regular space, €(T") the algebra of all real-valued con-
tinuous functions on T, U the weakest uniform structure on 7T for which all
xEe(T) are uniformly continuous, and 3(T") the Stone-Cech compactification
of T. For each tET let {: x—x(t). Then { is a multiplicative linear form on
e(T). A filter § on T is an H-filter if: (H 1) For any sequence {F,.}:_l of
members of F, NpFa€F; (H 2) N [x~1(0)|xEC(T)] is a filter base of F.
An H-filter properly contained in no H-filter is called a maximal H-filter.

An important class of completely regular spaces, first investigated by
Hewitt [12] and called by him Q-spaces, are those which satisfy any one and
hence all of the following equivalent properties: (Q 1) T;U is a complete uni-
form space. (Q 2) Every maximal H-filter converges (maximal H-filters play
the same role that Z-maximal sets do in [12]). (Q 3) If t&B(T) is such that
for every sequence {V,.}:_l of neighborhoods of ¢, Ny, VaNT# &, then
tET. (Q 4) The canonical map ¢t—f is onto the set of all nonzero multiplicative
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linear forms on €(T). (Q 5) If S is a completely regular space containing a
dense subspace 7’ homeomorphic with T such that every continuous real-
valued function on T is the restriction of a continuous real-valued function
on S, then TV =S. (Q 6) T is homeomorphic with a closed subset of a Cartesian
product of reals. (Q 7) (Nachbin-Shirota) €(T), furnished with the compact-
open topology, is a bornological locally convex space. (For the proofs, see
[12; 17; 21; 22].) We give an eighth equivalent characterization of Q-spaces:

THEOREM S. Completely regular space T is a Q-space if and only if the alge-
bra C(T) of all continuous real-valued functions on T, equipped with the compact-
open topology, is i-bornological.

Proof. The proof is essentially contained in Nachbin’s proof of the equiva-
lence of (Q7) and (Q1). If x, yE€(T), [x, y] is the set [zEC(T)|x(t) <z(t)
<y(¢) for all tET]. Let e be the identity element of €(T). Necessity: In the
proof of Theorem 2 of [17], Nachbin showed that if V is a convex, equilibrated
subset of €(7T) absorbing every set of the form [, y], then V is a neighborhood
of zero in €(T). Let W be any i-bornivore set. Let x, y&@(T), and let
z=max { |x| , |y| , e}. Clearly [—e, ¢] is a bound, idempotent subset of e(T).
LetA>0 be such that [—e, e] AW and 2ENW. For any € [x, y], u = (4/2) - 2,
and u/z2E€ [—e, e]. Hence u € A\W)(AW) =\W2C\*W; therefore [x, y | SA2W.
Hence by Nachbin’s result W is a neighborhood of zero, so by (IB 3) €(7T) is
i-bornological. Sufficiency: Nachbin showed that if T is not a Q-space, there
exists a bound, discontinuous linear form on €(7) which is actually a mul-
tiplicative linear form. Hence if T is not a Q-space, €(7T) is not i-bornological.

Several interesting assertions in different fields of mathematics have re-
cently been proved equivalent to the following unproved assertion: (U 1) If
A is a set and if pu is a (countably additive) nonzero meagure defined on all
subsets of A4, taking on only the values 0 and 1, then there exists a4 such
that u(X) =1 if and only if «&€X. To stress that the assertion is essentially
a set-theoretic one, we give it an equivalent formulation. Let us call an ultra-
filter U on A an Ulam ultrafilter if, for every sequence {F,.}:_l of members of
U, Na-1FaEU. (U 1) is then equivalent to the following:

AxioMm U. If 4 is a set and if U is an Ulam ultrafilter on 4, then there
exists a €4 such that U= [XC4|aEX].

(If p is a measure on 4 having the properties of the hypothesis of (U 1),
the sets of measure 1 form an Ulam ultrafilter; conversely, if U is an Ulam
ultrafilter, the set function u, defined by u(X)=1if X€ U, u(X) =0 if X,
has the desired properties.)

In [24] Ulam showed that if a set 4 does not have the property of (U 1),
then the cardinality of 4 must be at least as great as the first inaccessible
cardinal. On the other hand, Shepherdson has shown (Theorem 3.71 of [20])
that if the usual axioms of set theory are consistent (not including the Axiom
of Choice or the Generalized Continuum Hypothesis), then the set of axioms
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obtained by adding the Axiom of Choice, the Generalized Continuum Hy-
pothesis, and the axiom that there exist no inaccessible cardinals is again con-
sistent. Axiom U, by Ulam’s result, is weaker than the assertion there exist
no inaccessible cardinals, and hence is also consistent with the other axioms
of set theory. In view of the desirable theorems which may be proved using
Axiom U (a partial list follows), it might be desirable for mathematicians to
add Axiom U (or some stronger axiom, such as the nonexistence of inaccessi-
ble cardinals) to the currently used axioms of set theory.

If 4 is a set, R4 is the Cartesian product H.,EA R,, where for all «,
R,=R. The following are equivalent to Axiom U: (U 2) If 4 is a set, the
space of bound linear forms on the locally convex space R4 is generated by
the family {P?’g}ﬂeA of projection mappings, where p7s((Xa)aca) =%5. (U 3)
Every discrete space is a Q-space. (U 4) Every metrizable space is a Q-space.
(U 5) Every paracompact space is a Q-space. (U 6) Every completely regular
space admitting a compatible, complete uniform structure is a Q-space.
(U 7) The Cartesian product of any family of bornological spaces is bornologi-
cal.

The equivalence of (U 2) and (U 1) is shown in [14], that of (U 7) and
(U 1) in [11]. The equivalence of (U 3) and Axiom U is most easily seen by
observing that on a discrete space, the class of maximal H-filters is identical
with the class of Ulam ultrafilters; Axiom U and (Q 2) both assert that the
filters in this class converge. Shirota (Theorem 3 of [21]) proved (U 3) im-
plies (U 6); (U 6) implies (U 5) since every paracompact space admits a com-
patible, complete uniform structure ([18]); (U 5) implies (U 4) since every
metrizable space is paracompact ([23]); and (U 4) implies (U 3) since a dis-
crete space is metrizable. (Katétov (Theorem 3 of [13]) also showed that
(U 3) implies (U 5).)

THEOREM 6. Axiom U is equivalent to the following: (U 8) For any class
{E.}aca of i-bornological algebras, each containing an identity, H"‘GA E, is
1-bornological.

Proof. First, observe that Axiom U is equivalent to the assertion that any
Cartesian product of reals is ¢-bornological. For R4 is identical with the alge-
bra €(4, R) of all continuous real-valued functions on 4, furnished with the
compact-open topology, where A4 is given the discrete topology. Hence by
Theorem 5, R4 is i-bornological if and only if 4 is a Q-space; the equivalence
then follows from (U 3). In particular, (U 8) implies Axiom U. So let us as-
sume Axiom U; we shall prove (U 8) by showing (IB 5) holds for any product
E=]]. E. of i-bornological algebras, each E, possessing an identity e,. By
a remark of the preceding section, it suffices to consider the case where the
scalar field is R. We proceed by a series of lemmas:

LeMMA 1. Let U be an i-bornivore subset of E, (x.) EE. Then there exists
an i-bornivore subset V of R4 such that if (\.) EV, then Naxa) € U.
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Proof. Let V= [(\.)| (\ax2) € U and (\eea) € U]. V is convex, equilibrated
and absorbing as U is. V is idempotent, for (A.), (u.) €V implies (Aatta¥a)
=NaXa) (Uala) EU2C U and also (Aatiete) = Nete) (Hata) E U2C U, whence
Matta) EV. Let B=[(Aa)| |[Na] =1, all @], and let B’ = [(Aaea)| [ Na| =1, all &].
B’ is clearly bound and idempotent in E. Hence as U is ¢-bornivore, we may
choose $=1 such that B'CBUCR2U and such that (x,) EBU. Then B’: (x.)
CB2UCB2U. But by the definition of V, this insures that BCB2V. As all
bound, idempotent subsets of R4 are contained in B, V absorbs all s-bound
subsets of R4, and hence V is ¢-bornivore.

Now let # be any i-bornological linear form on E. For each B€ 4 let
Ig: Eg—E be defined by Ig(x) = (x.) where xg=x, x,=0 for all a8. Clearly
I is a topological isomorphism into.

LEMMA 2. There exists a finite subset A, of A such that for any a€EA4,,
u(Io(Ea)) = {0}.

Proof. If not, we may select an infinite sequence {a;}f,l of distinct a’s and
elements x.,E E,,; such that #(l.;(x.,)) >0. Let U be an ¢-bornivore set con-
tained in [x||u(x)| £1]. For a€ {a:} 2}, let x,=0. By Lemma 1, let V be an
i-bornivore set of R4 such that (A\.)EV implies (A\ox.) E U. As remarked
above, our hypothesis insures that R4 is 7-bornological. Hence V is a neigh-
borhood of zero in R4, and thus there exist neighborhoods S, of zero in R
and a finite subset 4, of 4 such that a4, implies S,=R and V2 ]]. S..
As A, is finite, some «; is not in A4;, and hence S,; = R. Then for any positive
integer n, (n.)EV where n,,=n, n.=0 for a#a;. This implies (n.¥a)
=Io;(nxs;) EU for all n, and so Iu(Ia,.(nxaj))l <1, ie,, Iu(I,,j(x.,,.))| S1/n
for all n. This implies u(I4;(x.;)) =0, a contradiction.

Let H= [(x,) €E| for all but a finite number of a €4, x,=0].

LeMMA 3. The restriction of u to H is continuous.

Proof. Let Hi=]IJuca,Eey, Ho=(]lagua-u,E)NH. H is clearly the
topological direct sum of H; and H,, and by Lemma 2, «=0 on H,. Also, as
% is ¢-bornological on E, the restriction of # to H, is ¢-bornological. Hence by
Proposition 11, the restriction of % to H; is continuous, and therefore by
the preceding u is continuous on H.

LEMMA 4. u is continuous.

Proof. By Lemma 3 the restriction of » to the dense ideal H of E is con-
tinuous. If % is not continuous, let #; be the unique continuous linear form
on E coinciding with # on H, and let v=u—u;. As u is i-bornological and %,
continuous, v is clearly ¢-bornological. Also v=0 on H, but 0. Let (2.) €E
be such that v((2.)) #0. Let w be the linear form on R4 defined by w((\.))
=9((Ne2e)). Then w=0 on a dense ideal of R4, but w0. Hence w is not con-
tinuous. Since R4 is i-bornological, we shall arrive at a contradiction if we
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show w is 7-bornological. Given >0, let U be an i-bornivore set contained
in [(x«) €E||v((x.))| £B]. By Lemma 1, there exists an i-bornivore set
in R4 such that (\)EV implies (A2.) E U. But then for any (A\.)EV,
Iw(()\a))l =iv(()\.,z,,))| <pB. Hence w is i-bornological, and the lemma is
proved.

It remains to show that if E’ is the topological dual of E, the topology of
E is x(E, E'). In view of the characterization of x(E, E’) given in §3, a slight
modification of the proof of the corollary of Theorem 2 of [11, p. 333] to
take care of idempotentness yields a proof of the following more general
result:

PROPOSITION 9. Let {E.}ac4 be a family of locally m-convex algebras, Ed
the topological dual of E., and let E= []. E. with topological dual E'. If the
topology of E. is X(E«, Ed) for all a €A, then the topology of E is x(E, E’)

Note: If { E.}ac 4 is a family of bornological spaces, H = [(x.) € [ ] E.|%a
=0 for all but a finite number of «E€A4], the proof of Theorem 5 of [11,
p. 334] shows that H is bornological. However, if each E.=R and if 4 is
infinite, H is not ¢-bornological. For in that case H is simply the algebra of
Example 14 of the following section, where the topological space of that
example is 4 equipped with the discrete topology.

6. P-algebras and metrizable algebras. An important property of normed
algebras, shared by a larger class of locally m-convex algebras, is that those
elements whose powers converge to zero form a neighborhood of zero. In
this section we shall see that for commutative, metrizable, locally m-convex
algebras, this property is closely related with that of being i-bornological.

DEFINITION 9. A locally m-convex algebra E is a P-algebra if [x] x»—0]
is a neighborhood of zero.

ExaMPLE. If T is a locally compact space, the i-bornological algebra X(T)
with the measure topology (Example 7) is both a P-algebra and a Q-algebra.
For if V=[x& :K’,(T)| lx(t)| <1 for all tET], V is a neighborhood of zero in
the topology of uniform convergence and hence also in the stronger measure
topology. If xE€ V, clearly x"—0 in the measure topology, and also the func-
tion x/1 —x is defined, a member of X(T), and the adverse of x.

By (4) of Proposition 4, any P-algebra is p.i.b. The following proposition
shows that the properties of being p.i.b. and of being a P-algebra are actually
equivalent under fairly mild restrictions.

PROPOSITION 10. Let E be a commutative, i-barrelled algebra. Then E is p.1.b.
if and only if E is a P-algebra. Further, if E is p.i.b., and, in addition, advertibly
complete, then [x| — > v, x" exists and is the adverse of x| is a neighborhood of
zero, and hence E is a Q-algebra. In particular, a commutative, p.1.b. F-algebra
s both a P- and a Q-algebra.

Proof. Let V= [x|x"—0]. If E is advertibly complete, we shall show that
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for any xE2-1V, — D =, x" exists and is the adverse of x; the second state-
ment then follows from the first. Let W be any convex, equilibrated neighbor-
hood of zero, 2z& V. Choose A>0 so that z"&AW tor all n. Let s,
=—2 1, (27%)" Then 22,y (27%2)1€ D2 pyy 2-AWCS2-"AW for all in-
tegers p>m. This shows that {s.}.; is a Cauchy sequence. Also (27%2) o s,
=5,0 (27'3) =(27'2)"*'—0. Hence as E is advertibly complete, the Cauchy
sequence {s,.},‘f_l converges to an element w which is clearly the adverse of
27!z by continuity of o. It remains to prove the first assertion. Suppose E is
p.i.b. Let A = [x| {x"} ., isbound]. Then 4 and hence also 44 are absorbing.
Since V224 by (4) of Proposition 4, it suffices to show that 4 is convex,
equilibrated, and idempotent, and that 2714 C 4 ; for then 44 is an 4-barrel
contained in V. The proof thus reduces to that of the following proposition:

ProposITION 11. If E is commutative and if A= [xEE| {x"}.., is bound],
then A is convex, equilibrated, idempotent, and 2 7ACA.

Proof. We let C} be the binomial coefficient #n!/j!{(n—j)!. Let vy, 2€4,
0<a<1.If Vis any convex, equilibrated, idempotent neighborhood of zero,
let A>0 be such that for all #, 2"EXV and y*ENV. Then (ay+ (1 —a)z)*
=10 ai(1—a)iCly»izi€ 3 7o a"i(1 —a)iCIA2V =A\2V because of the
familiar identity D 7o, " (1 —a)iCf=1. Hence ay+(1—a)zEA4, so 4 is
convex. Also {(y2)"}a.,={y"z"} ;1S {37 )1 {z" )21, a bound set, so 4 is
idempotent. 4 is clearly equilibrated. Let yE4. If V is a convex, equili-
brated, idempotent neighborhood of zero, let x4 be such that y—x&V,
and let A>0 be such that {x"},>., C\V. Then for any #, (2-'y)*= (2" (y —x)
+27x)r = Y 102" Cr(y —x)"ixi€ D g27"CrV-AV =AV2CAV. Hence 2y
€4q.

CoOROLLARY. If E is commutative, H = [x| {x} is i-bound | is a subalgebra.

Proof. H is clearly closed under multiplication and scalar multiplication.
1f {x"};',';l and {y”},‘;l are bound, then by Proposition 11 {(2—‘(x—i-y))"},‘,",,l
is bound, so {x+7y} is i-bound. It follows at once that H is closed under addi-
tion and is thus a subalgebra.

Although every p.i.b. F-algebra is a P-algebra, the next two examples
show that there exist p.i.b. complete algebras and p.i.b. metrizable algebras
which are not P-algebras.

ExAMPLE 13. Let T be a locally compact, noncompact, pseudo-compact
space (a space is pseudo-compact [12] if every continuous real-valued function
on it is bound). Then the algebra @(T) of all continuous, real-valued functions
on T, equipped with the compact-open topology, is p.i.b. and complete but
is not a P-algebra. (An example of such a space T is the space of Exercise 22
of [4, p. 113].) The local compactness, pseudo-compactness, and noncompact-
ness of T readily imply that ©(T) is respectively complete, p.i.b., but not a
P-algebra.



212 SETH WARNER [May

The next example also shows that a metrizable, locally m-convex algebra
need not be i-bornological. This is in contrast with the fact that every
metrizable, locally convex space is bornological (Theorem 10 and Corollary of
[15, pp. 527-528]).

ExaMmpLE 14. Let T be a completely regular, noncompact space, E the
algebra of all continuous real-valued functions on T vanishing outside com-
pact sets, equipped with the compact-open topology 3. Let 3’ be the topology
defined by the uniform norm. Then B=[xCE||x(f)| =1 for all t€T] is
bound and idempotent for both topologies, and also every bound, idempotent
set for either topology is contained in B. Hence the i-bound sets for the two
topologies coincide. As T is completely regular but not compact, 3’ is strictly
stronger than 3. Hence by (IB 2) E;J is not ¢-bornological. E;J is clearly
p.i.b. but is not a P-algebra, for given any compact KC T, there exists x&E
such that x=0 on K but x(¢) >1 for some t&T; hence the sequence {x"},‘f_l
does not converge to zero. In particular, if T is the countable union of com-
pact sets { K.}..; such that every compact subset of T is contained in some
K., E is a metrizable, p.i.b. algebra which is neither a P-algebra nor ¢-borno-
logical.

PRrROPOSITION 12. A commutative, p.i.b., i-bornological algebra E is a P-
algebra.

Proof. By Theorem 1, E is the algebraic inductive limit of normed alge-
bras { Ez} such that if Sp is the open unit ball of Ez, S=Up S5 is a neighbor-
hood of zero. But if x&€Sp, x*—0 in normed algebra Ep and hence also for
the weaker topology induced on Ep by that of E. Hence x"—0 in E, so E isa
P-algebra.

We now give criteria for p.i.b. metrizable algebras to be ¢-bornological.

THEOREM 7. Let E be a commutative, metrizable, locally m-convex algebra.
Then E is p.i.b. and i-bornological if and only if E is a P-algebra.

Proof. The condition is necessary by Proposition 12. Sufficiency: We shall
show that E satisfies (IB 3). Let A be an ¢-bornivore set, and assume 4 is not
a neighborhood of zero. Let V= [x|x*—0], and let { V,},~, be a fundamental
system of idempotent, convex, equilibrated neighborhoods of zero such that
for all n, V2O V,2Vup. Then {n"‘V,.};",1 is a fundamental system of neigh-
borhoods of zero, so since 4 is not a neighborhood of zero, there exists for all
n an element x,En~1V, such that x,& 4. Let B be the idempotent envelope
of {nxﬂ}:,l. Elements of B are all of the form [[mgs (mxn.)™ where S is any
nonempty finite subset of the positive integers, and where r,>0 for all
mES. We assert that B is bound: Consider any V,. For any %, nx,EV.CEV,
s0 lim,., (nx,)"=0. Hence there exists 7o=1 such that if » =7,, then (mxn)"
€V, for 1<m<p. Since V, is absorbing, we may choose A=1 so that if
0<s,<ro for 1 £m <p (but with at least one such s,>0), then [[%2} (mxn)*»
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EMV,. Now consider any J]n.es (mx,)™EB: Let S, = [mESI 1=m<p and
rm<to], Se=[mES|1<m<p and r,=7], and S;= [meS|m=zp). If Si=&,
then []ngs, (mxn,)mENV,. If S &, then [[.cs, (mx,)™E V, since V, is
idempotent and since each (mx,)EV, for m&S,. If mESs, (mx,) =& Vr
CVnCV,; hence if S;= ¢, H,,,es, (mx,)™E V,. Therefore, since at least
one of Sy, S;, and S; is nonempty, since V, is idempotent and equilibrated
and since A=1, we have [].ecs (mx,)™ENV,. Hence B is a bound, idem-
potent set. But then 4 must absorb B. But 4 does not absorb B since for
all positive integers n, nx,& B whereas nx,&nA. Hence A must be a neigh-
borhood of zero, and therefore E is i-bornological.

Commutative, nonmetrizable P-algebras are not necessarily 4-bornologi-
cal, as we shall see later (Example 15).

CoRrOLLARY 1. If E is a commutative, metric locally m-convex algebra whose
metric d satisfies d(x", 0) =d(x, 0)" for all x € E and all positive integers n, then
E is i-bornological.

Proof. The hypothesis implies that if d(x, 0) <1, then x*—0.

COROLLARY 2. Any subalgebra of a commutative, metrizable, p.i.b., i-borno-
logical algebra s t-bornological.

The algebra E of Example 2 is commutative and metrizable. By induction
it is easy to see that for all n, m, v.(x") Snp(x)" 1,.(x); hence if p(x) <1,
p(x")—0 and v, (x")—0 for all m, i.e., x»—0 in the topology. Hence by Theo-
rem 7, E is p.i.b. and 4-bornological.

THEOREM 8. If E is a commutative, metrizable, p.i.b., i-barrelled algebra (in
particular, if E is a commutative, p.1.b. F-algebra), then E is i-bornological.

Proof. By Proposition 10, E is a P-algebra, whence by Theorem 7, E is
i-bornological. .
The author does not know if every F-algebra is i-bornological.

CoROLLARY. If E is a commutative F-algebra, then E is the algebraic induc-
tive limit of Banach algebras {E.} with respect to homomorphisms {ga} such
that E=U, g.(E.) if and only if E is p.i.b.

Proof. The assertion follows from Theorem 1, Theorem 8, and (5) of
Proposition 4.

We apply our results to algebras of differentiable functions. The notation
is that of Example 3 and [19, p. 15].

LEMMA. Let p=(p1, - * +, Pm) be an m-tuple of non-negative integers, not
all zero, let x be a K-valued function on R™ such that D?x exists and is continuous,
and let K be a compact subset of R™. If r=sup [|x(t)|[t€EK]<1, then
limp.,, Ng(x®)=0.
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Proof. By induction, one may show that
Dran = 3 nl(n — | p| 4| 7] ) a2y, (D) ocqs,),

the sum being over all m-tuples j such that j<p and 0<|j| < | p| —1, where
hp,p—; is a polynomial in (p1+1)(p2+1) « - - (pw+1)—1 indeterminants.
The proof is straightforward but extremely tedious, and is therefore left
to the interested reader. Now let k;=sup;cx lh,,,,,_,-((qu)oqg,,) (t)l , let
k=max [k;|0=]j] =|p| =1, j=p], and let c=(pr+1)(pa+1) - - - (Pmt1).
Then for n>|p|, Ni(x")<cen(n—1) - - - (n—|p| +1)rn—lrll < kenl?lyn—ipt,
As 0=r<1, lim,., kenl?lyn=1?21 =0, so lim,., NE(x*) =0.

ProrosITION 13. If K is the closure of an open, relatively compact subset of
R™, €x (Example 3) is a commutative, metrizable P-algebra and hence is i-
bornological.

Proof. By the lemma, if Ng(x) <1, Nk(x")—0 for all nonzero m-tuples p.
Clearly also Ng(x") = Ng(x)*—0. Hence if Ng(x) <1, x"—0 in &g, so 8x is a
P-algebra.

ProrosITION 14. If P is an open subset of R™, Dp (Example 10) is a p.1.b.
i-bornological algebra.

Proof. As seen in Example 10, Dp is the algebraic inductive limit of p.i.b.,
i-bornological algebras whose union is Dp. Hence Dp is p.i.b. and z-bornologi-
cal by (5) of Proposition 4 and Proposition 6.

For a commutative, locally m-convex algebra to be p.i.b. and 7-bornologi-
cal it is necessary that it be a P-algebra by Proposition 12, and for metrizable
algebras this condition is also sufficient. It is not, in general, sufficient for
nonmetrizable commutative algebras, as the following example shows.

ExaMPLE 15. Let E be the algebra of all bound real-valued functions on R
having continuous first derivatives. Let N(x)=sup [|x(t)| ItER], and for
every compact set K let Ng(x)=sup [I (Dx)(t)l ItEK ]. Then E, equipped
with the topology 3 defined by the pseudo-norms N and {N x| K compact
and countable} is a commutative P-algebra but is not i-bornological. Proof:
Let 3 be the topology defined by pseudo-norms N and {N x| K compact}.
Both 3 and 3’ are locally m-convex topologies by an argument similar to that
of Example 3. If N(x) <1, by the lemma Nx(x")—0 for all compact sets, and
also N(x*)—0, and therefore x»—0 in both topologies. Hence E;3 is a P-
algebra. 3’ is clearly strictly stronger than 3, so a bound, idempotent set of
E;3 is bound and idempotent in E;3. Conversely, let B be bound and idem-
potent in E;3. If B is not bound in E;J’, for some compact KNxk(B) isnot
bound, i.e., there exists a sequence {xn}:.lgB such that Ng(x,) >n. Choose
t.EK so that | (Dxa)(ts)| >n. As {t.};1 SK, we may extract a convergent
subsequence {f.,}52, converging to s€K. Let L= {t,,};2,\J {s}. Lis then a
countable, compact set, so N1(B) is a bound set of R. But
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ATL(xnj) g I (Dxnj)(tnj)| > ni g jv

so N (B) is not bound, a contradiction. Hence E;3 and E;3’ have the same
i-bound sets. Thus by (IB 2) E;3 is not ¢-bornological.

7. Some unresolved questions.

1. We have seen that every commutative, p.i.b. F-algebra is i-bornologi-
cal. Is every commutative §-algebra i-bornological? A special case of this
question is the following:

2. Let E be the algebra of analytic functions on a domain of C, equipped
with the compact-open topology. E is then a commutative F-algebra. Is E
i-bornological? If E is the algebra of entire functions, the subalgebra of
i-bound elements is the one-dimensional subalgebra of constant functions.
Hence by the corollary of Proposition 5, the question for this algebra be-
comes: Is the compact-open topology the strongest possible locally m-convex
topology on the algebra of entire functions? Equivalently, if p is a pseudo-
norm on this algebra satisfying the multiplicative inequality p(fg) < p(f)p(g)
for all entire functions f, g, is p necessarily continuous for the compact-open
topology?

3. If E is a locally m-convex algebra with topological dual E’, do 7(E, E’)
and x(E, E') necessarily coincide?

4. Is a commutative, metrizable, p.i.b. Q-algebra necessarily a P-alge-
bra?

5. Can the hypothesis concerning identities be removed from Theorem 6?

6. Is an i-bornological locally m-convex algebra necessarily bornological?
Is a bound linear form on a locally m-convex algebra necessarily i-bornologi-
cal?

REFERENCES

1. R. Arens, Duality in linear spaces, Duke Math. J. vol. 14 (1947) pp. 787-793.

2. , A generalization of normed rings, Pacific Journal of Mathematics vol. 2 (1952)
pp. 455-471.

3. N. Bourbaki, Algébre, Chaps. IV-V, Actualités Scientifiques et Industrielles, no. 1102,
Paris, Hermann.

4. , Topologie générale, Chaps. I-1I, Actualités Scientifiques et Industrielles, nos.
858-1142.

S. » Topologie générale, Chap. IX, Actualités Scientifiques et Industrielles, no. 1045.

6. , Topologie générale, Chap. X, Actualités Scientifiques et Industrielles, no. 1084.

7. , Espaces vectoriels topologiques, Chaps. I-1I, Actualités Scientifiques et Indus-
trielles, no. 1189.

8. , Espaces vectoriels topologigues, Chaps. I11-V, Actualités Scientifiques et Indus-
trielles, no. 1229.

9. , Intégration, Chaps. I-IV, Actualités Scientifiques et Industrielles, no. 1175.

10. , Sur certains espaces vectoriels topologiques, Ann. Inst. Fourier Grenoble vol. 2

(1950) pp. 5-16 (1951).
11. W. Donoghue and K. Smith, On the symmetry and bounded closure of locally convex
spaces, Trans. Amer. Math. Soc. vol. 73 (1952) pp. 321-344.



216 SETH WARNER

12. E. Hewitt, Rings of real-valued continuous functions, Trans. Amer. Math. Soc. vol. 64
(1948) pp. 45-99.

13. M. Katétov, Measures in fully normal spaces, Fund. Math. vol. 38 (1951) pp. 73-84.

14. G. Mackey, Equivalence of a problem in measure theory to a problem in the theory of vector
lattices, Bull. Amer. Math. Soc. vol. 50 (1944) pp. 719-722.

15. , On convex topological linear spaces, Trans. Amer. Math. Soc. vol. 60 (1946) pp.
519-537.

16. E. Michael, Locally multiplicatively-convex topological algebras, Memoirs of the American
Mathematical Society, No. 11, 1952.

17. L. Nachbin, Topological vector spaces of continuous functions, Proc. Nat. Acad. Sci.
U.S.A. vol. 40 (1954) pp. 471-474.

18. J. Nagata, On topological completeness, J. Math. Soc. of Japan vol. 2 (1950) pp. 44-48.

19. L. Schwartz, Théorie des distributions, Tome I, Actualités Scientifiques et Industrielles,
no. 1091.

20. J. Shepherdson, Inner models for set theory, 11, J. Symbolic Logic vol. 17 (1952) pp.
225-237.

21. T. Shirota, A4 class of topological spaces, Osaka Math. J. vol. 4 (1952) pp. 23-40.

22. , On locally convex vector spaces of continuous functions. Proc. Japan Acad. vol.
30 (1954) pp. 294-297.

23. A. H. Stone, Paracompactness and product spaces, Bull. Amer. Math. Soc. vol. 54
(1948) pp. 977-9817.

24. S. Ulam, Zur Masstheorie in der allgemeinen Mengenlehre, Fund. Math. vol. 16 (1930)
pp. 140-150.

25. S. Warner, Polynomial completeness in locally multiplicatively-convex algebras, Duke
Math. J. vol. 23 (1956) pp. 1-12.

26. , Weak locally multiplicatively-convex algebras, Pacific Journal of Mathematics
vol. 5 (1955) pp. 1025-1032.

27. J. Williamson, On topologizing the field C(t), Proc. Amer. Math. Soc. vol. 5 (1954) pp.
729-734.

HARVARD UNIVERSITY,
CAMBRIDGE, MaAss.

DukE UNIVERSITY,
DurHaAM, N. C.



